104 CYCLIC QUADRILATERAL

A quadrilateral ABCD is called cyclic if all the four vertices of it lie on a circle.
D

B (o

Theorem-7 : The sum of either pair of opposite angles-of a cyclic quadrilateral is 180°
Given : A cyclic quadrilateral ABCD.
To Prove: ZA + ZC= /B + £D =180°
Construction : Join AC and BD.
Proof: ZACB=ZADB [Angles of same segment]
And ZBAC = ZBDC [Angles of same segment]
ZACB + ZBAC = ZADB + «BDC =£ADC.
Adding ZABC to both sides, we get
ZACB + ZBAC + ZABC =£ADC + £ABC.
The left side being the sum of three angles of AABC is equal to 180°.
ZADC + ZABC =180°
ie, ZD+ £ZB=180°
ZA+ZC=360" -(£B+ ZD)=180° [.. ZA+ ZB+ £C + D = 360°] Hence Proved.

Corollary : If the sum of a pair of opposite angles of a quadrilateral is 180°, then quadrilateral is cyclic.

Ex.1
Sol.

Ex.2

Sol.

In figure, ZABC = 69% £ACB = 31Y, find #BDC. D

A
In AABC.
/BAC+ ZABC + ZACB = 180°
B 69° 31 c

[Sum of all the angles of a triangle is 180°]

= ZBAC+69° +31°=180° U

= «/BAC +100°=180°

= ZBAC=180°-100"=80°

Now, /BDC = ZBAC = 80°. Ans.. [Angles in the same segment of a circle are equal]

ABCD is a cyclic quadrilateral whose diagonals intersect at a point E. If ZDBC = 70°, /BAC is 30°, find
/BCD. Further, if B = BC, find £ECD.

ZCDB = ZBAC = 30" ...(3) [Angles in the same segment of a circle are equal]
ZDBC =70° ..(if)
In ABCD,

ZBCD + «DBC + ZCDB = 180° [Sum of all he angles of a triangle is 180°]
= /BCD+70°+30.0=180° [Using (i) and (ii)
= ZBCD +100° = 180°
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Ex.3
Sol.

Ex.4
Sol.

Ex.5

= /BCD =180°-100°

= ZBCD=380° ..(iid)
In AABC,

AB=BC

Z/BCA = ZBAC = 3(° ..(iv)  [Angles opposite to equal sides of a triangle are equal]
Now, «ZBCD =80° [From (iii)]

= /BCA + ZECD = 80°

= 30°+ ZECD = 80°
= ZECD =80°-30°
= ZECD =50°

If the nonparallel side of a trapezium are'equal, prove that it is cyclic.

Given : ABCD is a trapezium whose two non-parallel sides AB and BC are equal.
To Prove : Trapezium ABCD is a cyclic.

Construction : Draw BE || AD.

Proof : .. AB || DE [Given]
AD | BE [By construction] & B
.. Quadrilateral ABCD.is a parallelogram.
ZBAD=2/BED ..(iy  [Opp.angles of al|&]
And, (AD=BE (i)  [Opp.sides of a || 5] D E C
But AD =BC ...(iii) " [Given]

From (ii) and (iii),

BE = BC
ZBEC=«BCE (i) [Angles opposite to equal sides]
/BEC + /BED = 180° [Linear Pair Axiom]
= /BCE #ZBAD = 180° [From (iv) and (i)]

= Trapezium ABCD is cyclic.

[.. If a pair of opposite angles of a quadrilateral 180°, then the quadrilateral is cyclic] Hence Proved.

Prove that a cyclic parallelogram is a rectangle.

Given : ABCD is a cyclic parallelogram. A ~ T B
To Prove : ABCD is a rectangle. 2
Proof : . ABCD is a cyclic quadrilateral At
Z1+ £2=180° (i) ©
[ Opposite angles of a cyclic quadrilateral are supplementary]
ABCD is a parallelogram
L1=212 ..(ii) [Opp. angles of a || gm]
From (i) and (ii),
Z1=22=90°
||s5m ABCD is a rectangle. Hence Proved.

Bisectors of angles A, B and C of a triangle ABC intersect its circumcircle at D, E and F respectively.
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Sol.

Ex.6

Sol.

Ex.7

Sol.

Prove that the angles of the triangle DEF are 90° - 5 A 90° — 5 B and 90° — LC

Given : Bisectors of angles A, B and C of a triangle ABC intersect its circumcircle at D, E and F respectively.

To Prove : The angles of the ADEF are 90° — = 900 2 and 90° —% respectively.

Construction : Join DE, EF and FD.

Proof : Z/FDE = Z/FDA + ZEDA = ZFCA + ZEBA [. AAngles in the same segment are equal ]
= 14(: + 1413
2 2
0 —_—
/D= LC;’LB _18 > K [. In AABC, ZA + /B + £C = 180°]

= /D= 900—%

Similarly, we can show that

/E =900 -Q
2
And ZF=90°- ZTC Hence Proved.

Find the area of a triangle, the radius of whose circumcircle is 3'em and the length of the altitude drawn

from the opposite vertex to the hypotenuse is 2 cm.

We know that the hypotenuse of a right angled triangle is the diameter of its circumcircle.
BC=20B=2x3=6cm

]:et, AD 1 BC . B )
N

AD=2cm [Given]
Area of AABC = %(BC) (AD)
1
=—(6)(2
HO®
=6 cm?, Ans.

In figure, PQ is a diameter of a circle with centre O. IF ZPQR = 65°, ZSPR = 40°, ZPQ M = 50°, find ZQPR,
Z/PRS and ZQPM.

(i) ZQPR =

.. PQis a diameter m

s ZPRQ=90° [Angle in a semi-circle is 90°] B @
s N\

ZQPR + ZPRQ + ZPQR = 180° [Angle Sum Property of a triangle] M
= ZQPR+90°+ 65" =180°
= ZQPR +155°=180°
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Ex.8

Sol.

= ZQPR=180°-155°
= ZQPR=25"
(ii) Z/PRS
- PQRSis a cyclic quadrilateral
o ZPSR+ /PQR =180° [.. Opposite angles of a cyclic quadrilateral are supplementary]
= /PSR +65°=180°
= /PSR =180°- 65°
= /PSR=115"
In APSR,
/PSR + /SPR + ZPRS=180° [Angles Sum Property of a triangle]
115° + 40° + ZPRS = 180°
115° + ZPRS = 180°
ZPRS =180° - 155"
ZPRS = 25°
(iii) ZQPM
PQ is a diameter
ZPMQ =90° [ Angle in a semi - circle is 90°]
In APMQ,
/PMQ + /PQM + ZQPM = 180° [Angle sum Property of a triangle]
90° + 50° + 2QPM = 180°
140° +.2QPM = 180°
ZQPM =180° - 140°
ZQPM = 40°.

uu

In figure, O'is the centre of the circle. Prove that

Ix+ Ly = Lz,
ZEBF = %LEOF = %Az [~ Angle subtended by an arc of a circle at the centre.in twice the angle
subtended by it at any point of the remaining part of the circle] :
ZABF =180° - %Lz (i) [Linear Pair Axiom]
1 1

/EDF = — ZEOF = — /z
2 2

[ Angle subtend by any arc of a circle at the centre is twice the angle subtended by it at any point of the
remaining part of the circle]

ZADE =180° - % £z -.o(if) [Linear Pair Axiom]
ZBCD = ZECF = Zy [Vert. Opp. Angle]
ZBAD = £x

In quadrilateral ABCD

ZABC + ZBCD + ZCDA + ZBAD =2 x 180° [ Angle Sum Property of a quadrilateral]
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Ex.9

Sol.

Ex.10
Sol.

= 1800—%4z+4y+1800—% /7 + /x =2 x180°

= Ix+”Ly=/z Hence Proved.
AB is a diameter of the circle with centre O and chord CD is equal to radius OC, AC and BD produced meet
at P. Prove that ZCPD = 60°.
Given : AB is a diameter of the circle with centre O and chord CD is equal to radius OC. AC and BD
produced meet at P.
To Prove : ZCPD = 60° P
Construction : Join AD.
Proof : In AOCD,
OC=0D ..(i) [Radii of the same circle]
OoCc=CD «..(i1) [Given] |
From (i) and (i),
OC=0D=CD
AOCD is equilateral
ZCOD = 6(0°

ZCAD = % ZCOD'= % £(60°) = 30°

[ Angle subtended by any arc of a circle at the centre is twice the angle subtended by it at any point of the
reaming part of the circle]

= /PAD=30° . (iii)

And, ZADB=90° | .. (iv) [Angle in a semi-circle]
= ZADB + ZADP = 180° [Linear Pair Axiom]

= 90°+ ZADP =180° [From (iv)]

— ZADP =909 (V)

In ADP,

ZADP+ ZPAD + ZADP = 180° [~ The sum of the three angles of a triangles is 180%]

= ZAPD+30°+90°=180° [From (iii) and (v)]

= ZAPD +120°=180°

= /APD =180°-120° = 60°

= ZCPD =60°. Hence Proved.

Prove that the quadrilateral formed by angle bisectorsof a cyclic quadrilateral is also cyclic.

Given : ABCD is a cyclic quadrilateral. Its angle bisectors from a quadrilateral PQRS.

To Prove : PORS is a cyclic quadrilateral.
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Ex.11

Sol.

Ex.12

Sol.

Proof : /1+ /2+ /3 =180° (i) [ Sum of the angles of a A is 180°]
Z4+ /5+ 2 6=180° .. (i) [ Sum of the angles of a A is 180°]
L1+ 22+ 23+ Z4+ 5+ /6 =360..  ...(il) [Adding (i) and (ii)]

But 42+43+46+45=% [ZA+ /B + £C + /D]

% . 360° =180° [ Sum of the angles of quadrilateral is 360°]

Z1+ £4=360- (L2 + 43+ £6 + £5)

PQRS is a cyclic quadrilateral.
[~ If the sum of any pair of opposite angles of a quadrilateral is 180°, then the quadrilateral is a cyclic]
Hence Proved.
Prove that the angle bisectors of the angles formed by producing opposite sides of a cyclic quadrilateral
(Provided they are not parallel) intersecta right.angle.
Given : ABCD is a cyclic quadrilateral. Its opposite sides DA‘and CB are produced to meet at P and
opposite sides AB and DC are produced to'meet at Q. The bisectors of ZP and ZQ meet is F.
To Prove : Z/PFQ = 90°.
Construction : Produce PF to meet DC'is G.
Proof : In APEB,

L5=22+26 L. (i)

[ Exterior angle of a triangle is equal to the sum of interior opposite angles]

But £2=«1

And, [(«£6=4£D [ In'a cyclic quadrilateral, exterior angle = interior opposite angle]
£5=/£1+ /D ....(ii) [From (i)]

Now in APDG,
£7=/1+ 4D ...(1i)

[ Exterior angle of a triangle is equal to the sum of interior opposite angles]
Frim (ii) and (iii), we have

L5=/7 P
Now, in A QEF and A QGF, [Proved above]
/5=/17 [Common side]
QF =QF [Given]
/3 =/4 [AAS criterion]
AQEF = AQGE [By cpctc]
s £8=2/9
But £8 + #9 =180°
/8= ,9=90° [Linear Pair Axiom] - .
Z/PFQ =90° Hence Proved.

Two concentric circles with centre O have A, B, C, D as the points of intersection with the line ¢ as shown
in the figure. If AD =12 cm and BC = 8 c¢m, find the length of AB, CD, AC and BD.
Since OM L BC, a chord of the circle,
is bisects BC.
BM=CM=%(BC) = %(8) =4 cm
Since, OM L AD, a chord of thecircle,
it bisects AD. o

AM = AD = %AD=%(8)=4cm

AN B o !

o
g’

Since, OM L CD, a chord of the circle,
it bisects AD.
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Ex.13

Sol.

Ex.14

Sol.

Ex.15

Sol.

AM=MD=—-AD=

N | =
N | =

(12) =6 cm

Now, AB=AM-BM=6-4=2cm
CD=MD-MD=6-4=2cm
AC=AM+MC=6+4=10cm
BD=BM+MD=4+6=10cm
OABC is a rhombus whose three vertices, A B and C lie on a circle with centre O. If the radius of the circle is
10 cm. Find the area of the rhombus.
Since OABC is a rhombus
OA=AB=BC=0C=10cm
Now, OD L BC=CD= %BC= %(10) =5cm
By Pythagoras theorem,
OC? =0D? + DC?
= OD?=0C?-DC?=(10)?- (5)2=100-25=75
= OD= 475 =53

Area (AOBC) = %BC x OD.= %(10) x 543 = 253 sq.cm.

Chords AB and CD of a circle with centre O, intersectat a point E. If OE objects ZAED. Prove that AB = CD.

In AOLE and AOME

Z/OLE = ZOME [90° each]

ZLEO = ZMEO [Given]
And OE=O0OE [Common]

AOLE =z AOME [By AAS Criteria]
= OL=0OM [By cpctc]

This chords AB'and €D are equidistant from centre. But we know,that only equal chords are equidistant
from centre.

= AB=DC
In the givenfigure. AB is the chord of a circle with centre O. AB is produced to/C such that BC = OB. CO is

joined and produced to meet the circle in D. If ZACD = y%and ZAOD = x% prove that x? = 3y°.
Since BC = OB [Given]

Z0CB = ZBOC =y" [ Angles opposite to equal sides are equal]
Z0OBA = ZBOC + ZOCB = y’+ y%=2y0,
[« Exterior angle of a A is equal to the sum of the opposite interior angles]

Also OA=0B [Radii of the same circle]

Z0OAB = ZOBA =2y’ [Angles opposite to equal sides of a triangle are equal]
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ZAOD = ZOAC + ZOCA
=2y’ +y’ =3y’
[ Exterior angle of a A is equal to the sum of the opposite interior angles]
Hence x°=3y° Hence Proved.

Ex.16 In the given figure, the chord ED is parallel to the diameter AC. Find ZCED.

Sol. Z/CBE = /1 [£s in the same segment]
£1=50° ...(i) [+ ZCBE = 50"]
ZAEC =90° ...(ii) [Semicircle Angle is right angle]

Now, in AAEC,

Z1+ ZAEC # /2 =180° [ Sum of angles of a A =180°]
500 4 90° +.£2 = 180°
= /2=180%140° = 40°

Thus £2=40° oo (i)
Also, ED | AC [Given]
@=/3 [Alternate angles]

40° =ZBi.e., £3 =40°
Hence ZCED = 40°Ans.
Ex.17 ABCD is a parallelogram. The circle through A, B, Cintersects CD (produced if necessary) at E. Prove that
AD = AE.
Sol. Given : ABCD is a parallelogram. The circle through A, B, C intersects CD, when produced in E.
To prove : AE = AD.
Proof : Since ABCE is a cyclic quadrilateral
Z1+ /2=180° ....(i) £ [opposite angles of a cyclio quadrilateral are supplementary]

Also 43+ £4=180° [linear pair] ...(if)
From (i) and (ii), we get L1+ £2= /3 + £/4 ....(iii)
But /2= /3 n(iV)
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. From (iii) and (iv), we get /1 = /4
Now in AADE, since /1 = /4
AD = AE [Sides opp. to equal angles of a triangle are equal]

Hence Proved.
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