12.3 Direction cosines and direction ratios

(1) Direction cosines: If a, b, g be the angles which a given directed line makes with
the positive direction of the X, y, z co-ordinate axes respectively, then cosa, cosb, cosg are
called the direction cosines of the given line and are generally denoted by I, m, n
respectively.

Thus, /1=cosa, m=cosb anNd n=cosg, ?+m>+n*=1.

By definition, it follows that the direction cosine of the axis of x are respectively coso’,
c0s90°, cos90° 1.€., (1,0,0). Similarly directioncosines of the axes of y and z are respectively
(0,1,0) and (0, 0, 1).

(2) Direction ratios: If a, b, ¢ are three numbers proportional to
direction cosines [, m, n of a line, then/a, b, ¢ are called its direction
ratios. They are also called direction numbers or direction components.

Hence by definition,
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where the sign should be taken all positive or all negative.

Direction ratios are not unique, whereas d.c.’s are unique.  i.e., &> +5>+c> =1.

(3) D.c.’s and d.r:"s of a line joining two points : The direction ratios of line PQ
joiNING Px,.y,.z) @Nd O, ya.2,) A€ x,—x, =a, y,—y, =b AN 2,4z, Z¢, (SAY).

Then directioncosines are,
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Projection

Projection of a line jaining the points P(xy, yi, zz) and Q(X», Yo, z) on another
line whose direction cosines‘are |, m and n : Let PQ be a line segment where
P=(x.y.z) ad 0=,z and AB be a given line with d.c.’s as |, m, n. If the line

segment PQ makes angle g with thg line AB, then

K M :
e ° N
oM K. x A 5 Q B
Y
(@ Gyanst 152

= ﬁ-.FIﬁt’e.-_'ﬂ:f'Rnﬁﬁii'e'ﬂ_g'}



Projection of PQisP'Q" = PQ cosq

=(x, —x;)cosa +(y, —y;)cos b +(z, —z;)cosg

=, —x)N+@, -y m+(E,—zn .
For x-axis,| =1, m=0,n=0.

Hence, projection of PQ on x-axis = X, — X;.

Similarly, projection of PQ on y-axis =y, — y; and projection of PQ on z-axis=2z, -
Z.

Angle between two lines

Let g be the angle between two straight lines AB and AC whose direction cosines
are ;.m,.,, and 1,,m,.n, respectively, is given by cosq = 14, +m m, +nyn, .

If direction ratios of two lines 4,.»,.c, and 4,:6,.c, are given, then angle between two
linesis given by
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Particular results. We have, sin?g<1-cos?q

= G mivnd)l +m3 +n3) — (Gl +mym, +mn, )

cosQ =

= (m, _lzm1)2 +(myny —m2n1)2 + (!, _”211)2

= sinq = +X@m, —um, ¥ yWhich is known as Lagrange’s-identity.
The value of sing can easily be obtained by,
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If 4.5, and 4,.5,.c, are d.r.’s of two given lines, then angle q between them is given

by sing = Xab, _aZbl)z
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Condition of perpendieularity: If the given lines are perpendicular, then q -9- i.e.,
cosq=0
= Ll +mmy+nmn,=0 O aa, +bb, +c,c, =0

Condition of parallelism: If the given lines are parallel, then q=o° i.e., Sing=0=
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