CHAPTER — 13
Limits, Continuity and Differentiability

13.1 Introduction

Limit of a function

Let y - qv) be afunction of x. If at x=ostx) takes indeterminate form, then we consider
the values of the function which.are very near to ‘a’. If these values tend to a definite
unigue number as x tends to ‘@’, then the unique number.so obtained is called the limit of
fx) a x=« and wewriteit as lim /().

(1) Left hand and.right hand limit:-Consider the vaues of the functions at the points
which are very near to a on the left of a. If these values tend to a definite unique number as
X tends to a, then the unique number so obtained is called left-hand limit of sx) at x=« and
symbolically we write it as fia<0)= lin f(x) = lim fla~ ).

Similarly we can define right-hand limit of a»n a x-« which is expressed as
fla+0)= lim f(x) =lim flash)

(2) Method for finding L.H.L.and R.H.L.

(i) For finding right hand limit (R.H.L.) of the function, we write x + h in-place of X,
whilefor left hand limit (L.H.L.) we write X — h in place of X.

(i1) Then we replace x by ‘@’ in the function so obtained.

(i) Lastly wefind limit »>o.

(3) Existence of limit: lim f(x) exists when,

(1) 1im s and 1im sx) existi.eck.H.L.and R.H.L. both exists.
(i1) lim f(x)= lim_f(x) l.ee LHL. =RH.L.

Fundamental theorems on limits

The following theorems are very useful for evauation of limitsif lim f(x) =1 and lim gx) = m

(I and m are real numbers) then
(1) lim(/0x) + g(x)) = £+ m (Sum rule)

(2) lim(n)-gaxy=1-m  (Differencerule)
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(3) lim(/0x).g(x)) = L (Product rule)
(4) timk fx)=ki (Constant multiple rule)

(5) tim fi"§ Lm0 (Quotient rule)
x—a g(x m

(6) If llmf(x) +oo O -0, then 11m—:0
wa flx)

(7) timlog{f(x)} = log {lim /(x)}
(8) If six)< g for al x, then tim fix) < tim g(x)

(9) tim{G)1® = {lim Toryyeet
(11) If 1im fig(x)) = Alim g(x)) = fim) Provided “f” is continuous at gx)=m. e.g. lim In[f(x)] = n@), ONlY if

[>0.
Methods of evaluation of limits

We shall divide the problems of evaluation of limitsin five categories.
(1) Algebraic limits: Let s be an algebraic function and ‘a’ be a real
number. Then imsx) iS Known as an algebraic limit.

(i) Direct substitution method: If by direct substitution of the point in the given
expression we get a finite number, then the number obtained is the limit of the given
expression.

(i1) Factorisation method: In this method, numerator and denominator are factorised.
The common factors are cancelled and the rest outputs the results.

(i) Rationalisation method: Rationalisation is followed when we have fractional

powers (like L ; etc.) on expressions in numerator or denominator or in both. After

rationalisation the terms are factorised which on cancellation gives the result.
(iv) Based on the form when X ® ¥ In this case expression should be expressed as a
function 1/x and then after removing indeterminate form, (if it isthere) replace % by 0.

(2) Trigonometric limits: To evaluatetrigonometric limit the following results are very
important.

(i) tim SINX o i

x>0 x x—0 sin x
tan X . X
|| lim =1=lim
x>0 X x>0 tan x
sin lx
(iii) tim =1 = lim—>
x>0 sin - x
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(iv) 1im LIRS

x>0 tan ! x
(V) )14»0 smxx 180 (Vl) 11_{13 cosx =1
sm(x i) o tan(x —a)
(vii) lim S50y (viii) Jim ST

(iX) timsin x =sin" | a| <1
X—a

(X) limcos™ x =cos™ a;] a| <1

x—a

(Xl) limtan ' x =tan ' a; —w<a <o
X—a

(XI1) 1im 325 = gim S5 X g

x>0 X X—>0 X

(xiil) 1im Sl“

X—0

(3 Logarlthm|c limits: To evauate the logarithmic limitswe use following formulae

2 3

(i) log(l+x):x—x7+x?— ............ 0w Where -1 <x <jvand expansion istrue only if baseise.

(“)1 log(1+x) -1

x—0

(i1) 1im log =1

(IV)l log(l X) 1

x—0

(V) lim log (1+x) =log,e,a>0,#1

4) Exponentlal limits
(i) Based on seriesexpansion

We use .- :1+x+ﬁ+ﬁ+ ............. ©
21 31
To evaluatethe exponential Iimi ts we use the following results
(a) lirré e -1 =1 (b) 11m =log, a
xX— X
| x
(C) 1im= “Loi (0

(i) Based on theform 1* i Toevauate the exponential form 1~ we use the following
results.

(@) If 1im fx) = lim g(x)= 0, then

f(X)
lim {1+ fx)3' =) _etem  or when lim £(#)= 1 and lim g(x) = <o .

—  lim(f(x)-Dg(x)
Then 1im ()} = lim[1 + o)~ 1FQZeroe
X—a X—a

(b) lin%(l +x)F=e (C) 11m(1 + ! ] =e

X —0

(d) lim(1+1)' " = ! (e) hm(u'j =

X —0
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i.e., a® =w, if a>1 and o> =0 If a<1.

® lima" =
X —>00

(5) L-Hospital’s rule : If sx) and ) be two functions of x such that
(i) 1tim ) = tim g0y = 0

o0,ifa > 1
0,ifa<1

(i1) Both are continuous at x -«
(iii) Both are differentiable at x -a.

(iv) s and g are continuous at the point x =« , then 1im 2% - im £ provided that

x—oa g(x) x—oa g x
g'(@=#0.
The aboveruleisaso applicable if lim () < o and 1im g(x)= o .

If timZ ("; assumes the indeterminateform & or = and(),¢'ex) Setisfy all the condition

voa g (x
embodied in L’ Hospital rule, we can repeat the application of this rule on fﬁ"; to get,
g'(x

lim% = tim L Exi Sometimes it may be necessary to repeat this process a number of times
x—a g'(x aag X

till our goal of evaluating limit is achieved.
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