13.2 Continuity

Introduction

The word ‘continuous’ means without any break or gap. If the graph
of a function has no break or gap or jump, then it is said to be
continuous.

A function which is not continuous is called a discontinuous function. While studying
graphs of functions, we see that graphs of functions sinx, X, cosx, € €tc. are continuous but
greatest integer function [X] has break-at every integral point, So it is not continuous.

Similarly tan x, cotx, secx, - €tC. are also disconti nuous function.
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Continuity of a function at a point

A function ) is said to be continuous at a point x-. of its domain if and only if it
satisfies the following three conditions :

(1) s exists. (‘a’ lies in the domain of f)

(2) limfw) existi.e. lim fx)= lim () OF RH.L.=L.H.L.

(3) 1im fx) = 0 (Iimit equals the value of function).
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Cauchy’s definition of continuity: A function r is said to be continuous at a point a of
its domain D if for every e-o there exists d->0 (dependent on e such that |x-a/<d
=i f(x) - fla)l<e.

Comparing this definition with the definition of limit we find that s~ is continuous at
x=a If lim /() existsand isequal to s i.e, if lim fx)= fia)= lim fix).

Continuity from left and right

Function ) issaid to be
(1) Left continuous at X = a if 1im /) = fia

(2) Right continuous at x = if 1im f)&@.

Thus afunction fx) iscontinuous at apoint x =« If it isleft continuous as well as right
continuous & x -a.

Properties of continuous functions: et sx and ) be two continuous functions at
x=a Then

(i) A function sx) is said to be @everywhere continuous if it is continuous on the entire
rea line Ri.e. (%) . €.g., polynomial function, ¢*, sinx,cos x, CONStaNt, »", | x-a| €tC.

(i) Integral function of a continuous function is a continuous function.

(i) 1f g(x) is continuous-at X = a and f(x) is continuous a x= g(a) then (fog) (X) is
continuous & x =a.

(iv) If f(x) is continuous in a closed interval [a,b] thenitisbounded on thisinterval.

(v) If f(x) is a continuous function defined on [a, b] such that f(a)/ and f(b) are of
opposite signs, then there is atleast one value of xfor which f(x) vanishes. i.e. If f(a) > 0,
f(b) <0 = 3c <@ 5 such that f(c) = 0.

Discontinuous function

(1) Discontinuous function ;A function ‘f* which Is not continuous at a point x=« in
its domain is said to be discontinuous there at. The point ‘a’ is called a point of
discontinuity of the function.

The discontinuity may arise due to any of the following situations.

(i) 1im s OF 1im fix) OF both may not exist

(i) 1im sy aswell as 1im sx)May exist, but are unequal.

(i) 1im sx) as well as 1im sxy both may exist, but either of the two or both may not be

equal to sa).
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