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3.4 Formulae for the trigonometric ratios of
sum and differences of two angles

(1) BABABA sincoscossin)sin( 

(2) BABABA sincoscossin)sin( 

(3) BABABA sinsincoscos)cos( 

(4) BABABA sinsincoscos)cos( 

(5)
BA
BABA

tantan1
tantan)tan(






(6)
BA
BABA

tantan1
tantan)tan(






(7)
BA

BABA
cotcot
1cotcot)cot(






(8)
AB

BABA
cotcot

1cotcot)cot(





(9) ABBABABA 2222 coscossinsin)sin()sin( 

(10) ABBABABA 2222 sincossincos)cos()cos( 

(11)
BA

BABA
B
B

A
ABA

coscos
sincoscossin

cos
sin

cos
sintantan 



BA
BA

cos.cos
)sin( 

 , 





  


 mBnA ,
2

(12)
BA
ABBA

sinsin
)sin(cotcot 

 , 





 

2
, 

 mBnA

Formulae for the trigonometric ratios of sum and differences of three angles

(1) CBACBACBA cossincoscoscossin)sin(  CBACBA sinsinsinsincoscos 

or sin BACBACBA tan(tancoscoscos)(  )tan.tan.tantan CBAC 

(2) CBACBACBA cossinsincoscoscos)cos(  CBACBA sinsincossincossin 

 )cos( CBA )tantantantantantan1(coscoscos ACCBBACBA 

(3)
ACCBBA
CBACBACBA

tantantantantantan1
tantantantantantan)tan(






(4)
1cot.cotcotcotcotcot

cotcotcotcotcotcot)cot(





ACCBBA
CBACBACBA

In general :
(5) )......sin( 21 nAAA  = ...)(cos.....coscos 753121  SSSSAAA n

(6) ..)1(cos..coscos)..cos( 6422121 SSSAAAAAA nn 

(7)
....1
....

).....tan(
642

7531
21 




SSS
SSSS

AAA n

where, nAAAS tan....tantan 211  = The sum of the tangents of the separate angles.
....tantantantan 31212  AAAAS = The sum of the tangents taken two at a time.



32

...tantantantantantan 4323213  AAAAAAS = Sum of tangents three at a time, and so on.
If ,....21 AAAA n  then AnS tan1  ,

ACS n 2
22 tan , ,....tan 333 ACS n

(8) ....)tantantan(cossin 5
5

3
31  ACACACAnA nnnn

(9) ...)tantan1(coscos 4
4

2
2  ACACAnA nnn

(10)
...tantantan1

....tantantantan 6
6

4
4

2
2

5
5

3
31





ACACAC

ACACACnA nnn

nnn

(11) ACACAnAnA nnn 2
21 tantan1(coscossin  .....)tantantantan 6

6
5

5
4

4
3

3  ACACACAC nnnn

(12) )tan1(coscossin 1 ACAnAnA nn 

.....)tantantantantan 6
6

5
5

4
4

3
3

2
2  ACACACACAC nnnnn

(13) ))1(sin(.....)2sin()sin()sin(   n

=
)2/sin(

)2/sin()}.2/()1(sin{


 nn 

(14) ))1(cos(....)2cos()cos()cos(   n

=











































2
sin

2
sin.

2
)1(cos




 nn

Formulae to transform the product into sum or difference

(1) )sin()sin(cossin2 BABABA 

(2) )sin()sin(sincos2 BABABA 

(3) )cos()cos(coscos2 BABABA 

(4) )cos()cos(sinsin2 BABABA 

Let CBA  and DBA 

Then,
2
DCA 

 and
2
DCB 



Therefore, we find out the formulae to transform the sum or difference into product.
(1)

2
cos

2
sin2sinsin DCDCDC 



(2)
2

sin
2

cos2sinsin DCDCDC 


(3)
2

cos
2

cos2coscos DCDCDC 


(4)
2

sin
2

sin2
2

sin
2

sin2coscos DCDCCDDCDC 



 .

Trigonometric ratio of multiple of an angle

(1) AAA cossin22sin 
A
A
2tan1

tan2




(2) 1cos22cos 2  AA A2sin21 
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AA 22 sincos 
A
A

2

2

tan1
tan1



 ; where

4
)12( 

 nA .

(3)
A
AA 2tan1

tan22tan




(4) AAA 3sin4sin33sin  )60sin(.sin).60sin(4 AAA oo 

(5) AAA cos3cos43cos 3  )60cos(.cos).60cos(4 AAA oo 

(6) )60tan(.tan).60tan(
tan31
tantan33tan 2

3
AAA

A
AAA oo 




 ,

where 6/  nA

(7)  33 sincos4cos.sin44sin 

(8) 1cos8cos84cos 24  

(9)



 42

3

tantan61
tan4tan44tan





(10) AAAA sin5sin20sin165sin 35 

(11) AAAA cos5cos20cos165cos 35 

Trigonometric ratio of sub-multiple of an angle

(1) AAA sin1
2

cos
2

sin 

or AAA sin1
2

cos
2

sin 

i.e.,










otherwise,
4
322/4/2If, 

 nAn

(2) AAA sin1
2

cos
2

sin 

or AAA sin1)
2

cos
2

(sin 

i.e.,










otherwise,
4
522/4/2If, 

 nAn

(3) (i)
A
A

A
A

A
AA

sin
cos1

cos1
cos1

tan
11tan

2
tan

2 








 ,

where )12(  nA

(ii)
A
A

A
AA

sin
cos1

cos1
cos1

2
cot 





 , where nA 2

The ambiguities of signs are removed by locating the quadrants in
which

2
A lies or you can follow the following figure,

cos > sin

sin >cos
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(4)
A
AA

cos1
cos1

2
tan 2




 ; where )12(  nA

(5)
A
AA

cos1
cos1

2
cot 2




 ; where nA 2

Maximum and minimum value of a cos + b sin

Let cosra  .....(i)   and sinrb  .....(ii)
Squaring and adding (i) and (ii), then 222 rba  or, 22 bar 

 )sin()sincoscos(sincossin   rrba

But 1sin1   So, 1)sin(1   ;
Then rrr  )sin( 

Hence, 2222 cossin bababa  

Then the greatest and least values of  cossin ba  are respectively 22 ba  and 22 ba 

.
Therefore, ,2osecsin 22  xcx for every real x.

,2seccos 22  xx for every real x.
2cottan 22  xx , for every real x.

Conditional trigonometrical identities

We have certain trigonometric identities.
Like, 1cossin 22   and  22 sectan1  etc.
Such identities are identities in the sense that they hold for all value of the angles

which satisfy the given condition among them and they are called conditional identities.
(1) If oCBA 180 , then

4
7

4
5

4


2
A

4
3

2


+ cossin is +ve
2
A

2
A

– cossin is+veA
2

A
2

+ cos 2
A

is +vesin
A
2

– cos
2
A is –vesin

A
2

+ cossin is –ve

– cossin
2
A

is –ve
2
A

2

3

A
2 A2

A
2



+ cossin is –ve

2
A – cossin is +veA

2
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(i) CBACBA sinsinsin42sin2sin2sin 

(ii) CBACBA sincoscos42sin2sin2sin 

(iii) )sin()sin()sin( CBABACACB  CBA sinsinsin4

(iv) CBACBA coscoscos412cos2cos2cos 

(v) CBACBA cossinsin412cos2cos2cos 

(2) If oCBA 180 , then
(i)

2
cos
2

cos
2

cos4sinsinsin CBACBA 

(ii)
2

cos
2

sin
2

sin4sinsinsin CBACBA 

(iii)
2

sin
2

sin
2

sin41coscoscos CBACBA 

(iv)
2

sin
2

cos
2

cos41coscoscos CBACBA 

(v) 2
sinsin

cos
sinsin

cos
sinsin

cos


BA
C

AC
B

CB
A

(3) If  CBA , then
(i) CBACBA cossinsin2sinsinsin 222 

(ii) CBACBA coscoscos21coscoscos 222 

(iii) CBACBA cossinsin21sinsinsin 222 

(4) If , CBA then

(i)
2

sin
2

sin
2

sin21
2

sin
2

sin
2

sin 222 CBACBA


(ii)
2

sin
2

sin
2

sin22
2

cos
2

cos
2

cos 222 CBACBA


(iii)
2

sin
2

cos
2

cos21
2

sin
2

sin
2

sin 222 CBACBA


(iv)
2

sin
2

cos
2

cos2
2

cos
2

cos
2

cos 222 CBACBA


(5) If
2

 zyx , then

(i) zyxzyx sinsinsin21sinsinsin 222 

(ii) zyxzyx sinsinsin22coscoscos 222 

(iii) zyxzyx coscoscos42sin2sin2sin 

(6) If  CBA , then
(i) CBACBA tantantantantantan 

(ii) 1cotcotcotcotcotcot  BAACCB

(iii) 1
2

tan
2

tan
2

tan
2

tan
2

tan
2

tan 
BAACCB

(iv)
2

cot
2

cot
2

cot
2

cot
2

cot
2

cot CBACBA

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FEW IMPORTANT POINTS

 The angle between two consecutive digits in a clock is 30o (= /6 radians). The hour
hand rotates through an angle of 30o in one hour.

 The minute hand rotate through an angle of 6o in one minute.

 ,0sin n nn )1(cos 

  sin)1()sin( nn  , cos(  cos)1() nn 

 
 cos)1(
2

sin 2
1







 

nn , if n is odd

= sin)1( 2/n , if n is even



evenisif,cos)1–(

oddisif,sin)1(
2

cos

2/

2
1

n

nn

n

n














 



 If secx + tan , then

 tansec1


x
.

 If ,cotcoesc  x then

 cotcosec1


x
.

  3sin
4
1)60sin(sin).60sin(  oo .

  3cos
4
1)60cos(.cos.)60cos(  o .

  3tan)60tan(.tan).60tan( 

 AAAAA n 132 2cos.......2cos.2cos.2cos.cos 

= nA
An
An

if,
sin2
2sin

= 1, if nA 2

= – 1, if )12(  nA

 Any formula that gives the value of
2

sin A in terms of sin A shall also give the value of

sine of
2
)1( An n .

 Any formula that gives the value of
2

cos A in terms of cos A shall also give the value of
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cos of
2

2 An  .

 Any formula that gives the value of
2

tan A in terms of tan A shall also give the value of

tan of
2
An  .

 )cos(coscoscos  

2
cos

2
cos

2
cos4  



 )sin(sinsinsin  

2
sin

2
sin

2
sin4  



  8cot84tan42tan2tan  cot

 Method of componendo and dividendo

If
b
a

q
p
 , then by componendo and dividendo

We can write
ba
ba

qp
qp






 or

ab
ab

pq
pq








or
ba
ba

qp
qp






 or

qb
ab

pq
pq






 .


