3.4 Formulae for the trigonometric ratios of
sum and differences of two angles

(1) sin(4 + B)=sin A cos B + cos A sin B
(2) sin(4 — B)=sin A cos B —cos AsinB
(3) cos(4 + B)=cos Acos B—sinAsinB
(4) cos(4 —B)=cos Acos B +sinA4sinB

(5) tan( A + B) = tan A + tan B
1 —tan A tan B

A- B
(6) tan( 4 —B):M
1 +tan Atan B

cot Acot B -1
cot A +cotB

(8) cOt(A_B):co‘[AcotB+l
cot B —cot. 4

(7) cot(4+B)=

(9) sin(4 + B)sin(4 — B) =sin’ A — sin’> B = cos® B —cos’ 4

(10) cos(A + B)cos(A — B)=cos®> 4 —sin® B = cos> B—sin* 4
(11) tadf 4 tan Be sin A + sinB _ sinAcos B +cos.4'sin B

cosd cosB cos Acos B
in(4 +
=—Sm(A_B) 4o | A#np +B,B¢mp
cos A.cos B 2
i +
(12) cotAicotB=S.m(B—_,A), A;tnp,B;aémp+B
sin 4 sin.B 2

Formul ae for the trigonometric ratios of sum and differences of three angles

(1) sin(4 + B+ C) =sinA4cos Bcos C + cos AsinBcos C +cos AcosBsinC —sin 4 sin BsinC
OF SIN (4 + B+ C) = cos Acos Beos C(tan A + tan B +tan C~ tan A. tan B. tanC)
(2) cos(4+ B+ C)=cosAcosBcosC —sinAsinBcosC —sin A cos BsinC — cos 4 sinBsinC

cos(4+ B+ C) = cos Acos Bcos C(I'—tan 4 tan B—tan Btan C —tan Ctan 4)
tan 4 + tan B + tan C — tan 4 tan Btan C
—tan A tan B — tan B.tan C — tan C tan 4
cot A cot Bcot C —cot 4 —cot B—cot C
cot A cot B+ cot Beot C +cotC.cot 4 =1

(3) tan(4 + B+ C)= ,

(4) cot(4d+B+C)=

In general :
(5) sin(4, + 4, + ... + 4,) = c0s 4, c0s Agin. cOSH, (S, =S5 +S5 =S, +..)

(6) cos(d, + 4, +..+ 4,)=cos 4, cos Ay..c08 Ay(1 ~S,+ S, —S,..)
S =83 4S5 =8, +...

7 tan(A, + 4, +..... +A4,)=
() (A + 4 ) 1-8, +8,~8¢ +....

where, s, =tan 4, +1tan 4, +.... +tan 4, = The sum of the tangents of the separate angles.

S, =tan 4, tan 4, +1tan 4, tan 4, +... = 1 N€ SUM Of the tangents taken two at atime.
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S, =tan 4, tan 4, tan 4, +tan 4, tan 4, tan 4, +... = SUM Of tangents three at atime, and so on.
If 4,=4,=..=4,=4, then S, =ntan 4 ,

S, ="C,tan* A4, S, ="C; tan” 4,....
(8) sinnd =cos” A('C, tan 4 —"C; tan® A +"Cq tan® A —...)

(9) cosnd =cos” A1-"C,tan> A+"C, tan* 4 —..)

"C,tan A —"C; tan® A +"Cstan> A — ...
(10) tan nd = n 2 n 4 n 6
1-"C,tan” 4 +"C, tan” 4 —"C4 tan” 4 + ...

(12) sinnd —cos nd = cos" A(-1+"C, tan A4)
+"Cytan? A—"C; tan® 4—"C, tan* 4 +"C; tan® 4+ "C, tan® A% .....)
(13) sin@)+sin@ +b)+sin@ +2b)+..... + sin@ +(1 —1)b)
_ sinfa + (1 —1)(b /2)}.sin(ub /2)

sin(b /2)

(14) cos(@)+ cos@ + b)+ cos(@ + 2b)+ ... + cos@ + (n — 1)b)

R
g

Formul ae to'transtorm the product inte sum or difference

(1) 2sin 4 cos B =sin(4 + B) 4 sin(4.— B)

(2) 2 cos 4 sinB =sin(4 + B)— sin(4 — B)
(3) 2cos Acos B = cos(4 + B)+ cos(4 — B)

(4) 2 sin 4 sin B = cos(4= B) —cos(4 + B)

Let A+B=c and 4-B-D
Then, 4- C;D and s - C;D

Therefore, we find out the formulae to transform the sum or-difference into product.

C+D C-D
COS

(1) sin C + sin D = 2 sin

[\S)

D . C-D
sin

(2) sin C —sin D = 2 cos C+

2
C+D C-D
cos 2

C+D . D-C . C+D . C~D
sin =-2sin sin .
2 2 2

(3) cos C + cos D =2cos

(4) cos C—cos D =2sin

Trigonometric ratio of multiple ‘of. an angle

2tan A

(1) sin2A4 =2sin 4 cos 4 =
1+tan” A4

(2) cos2A4=2cos’> A—1=1-2sin’> 4
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=cos® 4 —sin* 4 _ta—nA - where A¢(2n+1)—
l+tan? 4’

_ 2tan 4
(3) tan 24 o

(4) sin34 =3sind—4sin® 4 = 4sin(60° — A).sin 4.sin(60° + A)
(5) cos34 =4cos® 4—3cos 4 =4cos(60° — A).cos A.cos(60° + A)

_ 3
(6) tanza=280 A0 4 (60° - ). tan A tan(60° + 4) 5
1-3tan" 4

Where 4 =np +p /6
(7) sin4q =4 sing.cos> q —4 cosq sin’ q
(8) cos4q—8cos4q—80052q+1

(9) tan 4q_ 4tanq — 4 tan’ q
—6tan’q +tan*q

(10) sin54=16sin> 4 —20sin> A4 +5sin 4
(11) cos54=16cos> 4—20cos> 4 +5cos A

Trigonometric ratio. of sub-multipleofran-angle

(1) sin%+cos%‘=\/1+sinA
. A A -
or sm?-kcos?:i«/l +sin A

3
e, {tIonp -p/4<d/2<2np +Tp

—, otherwise

(2)
. A A :
or (sm?—cos?):i\/l—sm/l

sin%—cos%‘:«/l—sin/l

5
i.e., {*‘,Ionp +p/4<4/2<2np +Tp

—, otherwise
3 A + vtan? A+1—1 1I'=cos 4 l—cosA
3 (1) tan 7 cos 4
tan A l+cosd  sind

where 4=@n+1yp

(ii) cord s [Lreosd _1+eosd \whare 4o
2 l-cosd4  sind

The ambiguities of signs-are removed by locating the quadrantsin
which % lies or you can follow the following figure,

sing >cosq

cosg > sing
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P
2

3p sin£+cos iis+ve p
it 2 2 L
4 4
A A
e Listve
sin 5~ —fos 5
A A .
A j —is+ve
§n — +oos 2 jsve Sin5+cos ISV
2 2
p
sin i—cosA is+ve sinA—cosiiS—Ve

2 2 2 2
5p A 7P

sn— — Zlis-ve —_
4 cos 5 B

3p
2
(4) w2 A2 17cs A - \where 4« 2n+1p
2 1l+cosd

(5) cot? —:1+COSA WhereA:thp

Maximum andminimum value of a cosq + b sing

Let  aoremwa  dn(i)oand sorsna .. (i)
Squarlng andadding (i) and (ii), then o> +5* =2 or, r=+/a* 4>
asing +b cosq = r(sing cosa +cos( sina)=rsin{ +a)
But (-1<sing <1 SO, -1<sing+a)<1;
Then —r <rsin@ +a)<r
Hence, - va? +»? <asing +boosq <va? + 52
Then the greatest and least values of .asing+ hcosq are respectively Vo> +»> and - a? + 5>

Therefore, sin® x + cosec >x > 2, fOr every real X.
cos? x +sec? x =2, for e\/ery I‘eal X.
tan® x +cot’ x> 2 , fOr every real X.

Conditional trigonometrical identities

We have certain trigonometric identities.

Like, sin g +cos?q =1 and l+tan’q=sec’q EtC.

Such identities are identities in the sense that they hold for all value of the angles
which satisfy the given condition among them and they are called conditional identities.

(1) If 4+B+c=180", then
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(l) sin2A4+sin2B+sin2C =4 sin Asin BsinC
(II) sin2A +sin2B—sin2C =4 cos A cos BsinC

(i11) sin(B+C - A)+sin(C+ 4~ B)+sin(4+B—-C) = 4 sin A sin BsinC

(lV) cos2A4A+cos2B+cos2C =—-1-4cos Acos Bcos C
(V) cos2A4+cos2B—-cos2C=1-4sinAsinBcosC

(2) If 4+B+c=180", then

H . . . A B
(|) sin A + sin B +sin C = 4 cos ECOS Ecosg

(ll) sinA+sinB—sinC:4sin%singcos%

(|||) cos A+cos B+cosC=1+4 sin%singsin%

(|V) cosA+cosB—cosC=—1+4cos%cos§sin§

(V) cos A + cos B N cos C

sinBsinC sinCsin4 sin 4 sin B -
(3) If 4+B+c=p,then
(l) sin® 4 +sin? B—sin® C =2 sin 4 sin Bcos C
(II) cos® A +cos® B+cos* C=1-2cos 4 cos BcosC
(III) sin® A +sin”> B+sin® C =1—2sin 4 sin Bcos C
(4) If 4+B+c=p, then
(|) sin2%+sin2§+sin2§:1—2sin%sin§sin%

2 :2+2sinisin£sin£
2 2

- A B
(||) cos? =+ cos? =+ cos
2 2 2

<
2
(|||) sinzi+sin2£—sin2£: 1-2cos icosésin—
2 2 2 2 2 2

(lV) cos? Lt cos? B cos? € = 2 cos A cos B sin £
2 2 2 2 2 2

5 If x+ +Z:E,then

B If cyz-?

(|) sin® x +sin® y +sin? z =1 — 2 sin x sin y sin z

2

(||) cos® x +cos” y+cos’ z =2 +2sinx siny sinz

(lll) sin2x +sin2y +sin2z =4 cos x Cosy cos z

(6) If 4+B+Cc=p,then

(l) tan 4 +tan B+tan C =tan A tan Btan C

(ll) cot BcotC+cotCcotA+cot AcotB=1

B C C A A B

(|||) tan —tan — + tan —tan — + tan —tan — =1
2 2 2 2 2 2

: A B C A B C
(|V) cot — + cot — + cot — = cot — cot — cot —
2 2 2 2 2 2
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FEW IMPORTANT POINTS

« The angle between two consecutive digits in a clock is 30° (= p/6 radians). The hour

hand rotates through an angle of 30° in one hour.

« The minute hand rotate through an angle of 6° in one minute.

& sinnp =0, cosnp =(-1)"

& sin(p +q)=(-1)" sing , COS(np +q)=(-1)" cosq

n—1

V-4 sin[%-kqu(—l)T cos( , if n iSOdd

=1"2sing , If N1SEven

n+l

COS[%HJJ (1) 2 g, 0 Asadll
=(-1)""? cosq, ifniseven

& If x=secq + tang, then

— =secq —tan( .
X

e |f x =coescq +cotg, then

— =cosecq —cotq .
. o0 2 9 o) 1 .
& sin(60” —q).sing sin(60~ +q) = Zsm 3q .

&  cos(60 —q).cosq.cos(60° +q):%cos 3q -

& tan(60°—Q).tan(. tan(60°+q) = tan 3q

&  cos A.cos 2A4.cos 2%.4 cos 2° A..... cos 2" 4
- sin 2" 4
2" sin 4

,if A #np

=1,if a=2np
=—1,if 4=@n+1p

« Any formula that gives the value of sin% in terms of sin A shall also give the value of

sine of "P+CD'4

« Any formula that gives the value of cos%in terms of cos A shall also give the value of

w (@8 Gyansthali
A'Rlacelof Knowledge
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2np = 4
5 .

cos of

« Any formula that gives the value of tan%in terms of tan A shall also give the value of

tan of P£4
2

& cosa +cosb +cosg+cos@ +b +09)

a+bcosb+gcosg+a
2 2 2

=4 cos

& sina +sinb +sing —sin@ + b +9)

a+bsinb+gsing+a
2 2

=4 sin

& tana + 2tan 2a + 4 tan 4a + 8 cot 8a =cota

« Method of componendo and dividendo

If f: % then by componendo and dividendo

We can write 254 _4+b gor 4*tp _bta
p—q a-b q-p b-a

or £-4_4-5 gp 4-p _b-a
p+q a+b q+p b+gq
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