9.4 Harmonic Progression (H.P.)
Definition

A progression is called a harmonic progression (H.P.) if the reciprocals of its terms
arein A.P.

Standard form: L. ! !

a a+d a

Example: The sequence 1. ... iIsaH.P., because the sequence 1, 3,5, 7, 9, .....

isan A.P.

General term of an H.P.

If theH.P. beas !,

a a+d a+2d

7, of AP.i1Sa+(n- 1)d
.1, of H.P. IS
a+(n 1)d
In order to solve the question on H.P., we should form the corresponding A.P. Thus,
General term:

= ! Or 7,ofHP. = ! .
a+(m-1)yd 7, of A.P.

. then corresponding A.P. iS a,a+d,a+2d.,...

Harmonic mean

If three or'more numbers are in H.P., then the numbers lying between the first and
last are called harmonic means (H.M.’s) between them. For example 1,1/3, 1/5, 1/7, 1/9
are in H.P. So 1/3, 1/5 and 1/7 are three-H.M.’s between 1 and 1/9.

Also, if a, H, b arein H.P., then H.is called harmonic mean between a and b.

(1) Insertion of harmonic.means

(i) Single H.M. between aand b - 2.

a+b

(if) H, H.M. of n non-zero numbers .4, ,,...,a, 1S given by %: 49

(iii) Let a, b be two given numbers. If n numbers #,.#,..... z, are inserted between a
and b such that the sequence «.#,.4,.4,..... #,.» 1S aH.P., then #,.n,,... 1 are cdled n
harmonic means between a and b.

Now, a#, 1, H,....H,b areinH.P.

- L.t ——arelnAP
o« H H, 7T H,
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Let D be the common difference of this A.P. Then,

1
;z(rH—Z)th term =7,,,

I 1 w+snyp = p=—2=t |
b a n+1)ab
Thus, if n harmonic means are inserted between two given numbers a and b, then the
common difference of the corresponding A.P. is given by D= )” .
n a
Al&),L:l+D,L:l+2D, ....... , ! :l+nD,
H a , a H, a
where p-_4=2_,
(n+1)ab

Properties of H.P.

(1) Noterm of H.P. can be zero.
(2) If Histhe H:M. between a and b, then
(I) 1 L. 1
H—a+H—b_Z+;
(i) AH 20y =2b)= B
(III) H+a+H+b:2
H-a H-b

Arithmetico-geometricProgression(A.G.P.)
Definition

The combination of arithmetic and geometric. progression is called arithmetico-
geometric progression.

n term of A.G.P.

If a.0005 0 a,..... 1SAN AP AN 5,0, ..., b, IsaG:P., then the sequence a,,a,b,,a;b,,
.. ap,..... 1S Ssaid to be an arithmeti co-geometric sequence.

Thus, the genera form of an |arithmetico geometric sequence is
a,(a+dyr,(a+2d)r*,(a+3d)r,.....

From the symmetry we obtain that the n™ term of this sequence s (- naj .
Also, et o+ ayr.@+24)r* . +3a)2,.... D€ @N arithmetico-geometric sequence.
Then, a+@+dyr +@+24)r* +@+3d)+... 1S an arithmetico-geometric series.
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Sum of A.G.P.

(1) Sum of n terms : The sum of n terms of an arithmetico-geometric sequence
a A= fa+@-1)dy"
+dr -

afa+dyria+r 2y, @+3dr... isgivenby s —i1-r 0= T—r
S 02a+ (= 1)d). when r =1

,when r #1

(2) Sum of infinite sequence: Let |r|< 1. Then ' -0 asn — o and it can aso be
shownthat ».,» -0 an— c. SO, weobtainthat's, >+ _ asn— .

1-r (1-r?’

In other words, when |r|< 1 the sum to infinity of an arithmetico-geometric seriesis

a dr
- = + .
l—r (1-r)?

Method for finding sum
This method is applicable for both sum of n terms and sum of infinite number of
terms.
First suppose that sum of the seriesis S, then multiply it by common ratio of the G.P.
and subtract. In thisway, we shall get a G.P., whose sum can be easily obtained.

Method of difference

If the differences of the successive terms of a series arein A.P. or G.P., we can find
n™ term of the series by the following steps

Step |< Denotethe n™ term by 7, and the sum of the series upto n terms by, .

Step |1 Rewrite the given series with each term shifted by one place tothe right.

Step |11: By subtracting the later series from the former, find z,.

Step 1V: From 7,, s, can be found by appropriate summation.

Example : Consider the series 1+ 3 + 6 + 10 + 15 +.....to n'terms. Here differences
between the successive termsare -1, 6 - 3, 10 -6,15-10, ....... e, 2,3,4,5,......
which arein A.P. This difference could bein G.P. aso. Now let usfind its sum

S=143+6+10+15+....+7,_, + T,

S= 14+434+6+10+......... +T,,+7T,
Subtracting, we get
O0=1+2+3+4+5+......... +(T,-T,_,)=T,

= T,=1+2+43+4+....... tonterms.

1
= T =— +1
n 2n(n )
— l n(n+1)(2n+l)+n(n+l)
2 6 2

nm+1)(n+2)
. .
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