9.5 Miscellaneous series

Special series

(1) Sum of first n natural numbers
nn+1) )

=1+2+3+....... +n= r=
2=

r=1

(2) Sum of squares of first n natural numbers

=12+22+3%2 4. +n2:Zr2:w.
6

(3) Sum of cubes of first n natural numbers
=P +2° 43 +47 + +n3:Zn:r3=[—n(n+l)T.

Properties of Arithmetic, Geometric,
Harmonic means between two given numbers

Let A; Gand H be arithmetic, geometric and harmonic means of two numbers a and

Then, A_“b .G=+ab-and #= Z“bb
a+

These three means possess the following properties:

(1) 4262H

4= a+b G- \/_ and - 2abb
a+

g A_G:“b_@:Mzo = 456 ....(0)

o1 - 2 {20

b

= GzH L (i)
From (i) and (ii), we get 4>G># .

Note that the equality holds enly when a=h.
(2) A, G,HfromaG.P., i.e, ¢ =an

AH:a;bxzab ab =(Wab ) = G* . HeNCe, 62 = 4n
a+

(3) The equation having a and basitsrootsis
x? -24x + G220

The equation having a and b its roots is
x2 —(a+b)x +ab=0

= x? 24+ G2 =0, [':A=a;band G:«/ab}.
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Therootsa, b aregivenby 4+v4*> -G .
(4) If A, G, H are arithmetic, geometric and harmonic means between three given

numbers a, b and c, then the equation having a, b, ¢ asitsrootsis x> -3.4x* + 35 X-G'=0

r. 1.1
where 4 - a+139+c’G:(abc)m and %:%

3
= a+b+c=34,abc =G’ and SIC_;] =ab +bc +ca

The equation having a, b, c asitsrootsis

x> —(@+b+c)x? +(ab +bc + ca)x —abe =0

3
= x3—3Ax2+%x—G3 =0.

Relation between A.P., G.P.and H.P.

(1) If A, G, Hbe A:M., G.M., H.M. between a and b, then

I Awhen n=0
a "+b" =<Gwhen n=-1/2
o H when n=-1

(2) If 4,45 be two AM.’S; 6.6, be two G.M.’s and #,,x, be two H.M.’s between

two numbers a and b, then
GG, _ A+ 4,

HH, H +H,
(3) Recognization of A.P., G.P., H.P. : If a, b; c are three successive terms of a
sequence:
If <=2_2 thena, b, careinA.P.

b-c 4

If, Z:i -2, thena, b, carein G.P.
If, &=

b_’; -2, thena, b, careinH.P.

(4) If number of terms of any A.P./G.P./H.P.is odd, then A.M./G.M./H.M. of first
and last termsis middle term of series.

(5) If number of terms ‘of any A.P./G.P./H.P."is even, then A.M./G.M./JH.M. of
middle two termsis A.M./G.M./H.M. of first and last terms respectively.

(6) If p", g" and r™ terms of aG:P. arein G.P. Thenp, g, r arein A.P.

(7)Ifa, b, carein A.P. aswell asin G.P. then «=»-c.

(8) If a, b, carein A.P., then x xxc will bein G.P. (x = +1).

@ Gyansthali s

s A Plucelof K n.uﬂﬂﬂ"ﬁ"!?*



